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Abst rac t - -A  parallel two-stage tandem queueing system with no intermediate waiting room is 
considered. An arriving customer according to a homogeneous Poisson process, when his first stage 
service is finished, can enter both of the second stage channels. We call this model an interchangeable 
queueing system. The service times are not independent but depend upon each other. It is assumed 
that their service distribution is the bivariate xponential distribution of Marshall and Olkin. The 
standard representation f the multivariate exponential distribution of Marshall and Olkin is derived 
and the throughput ofthis system isobtained using a matrix-geometric approach. Finally, comparison 
with the throughput of an ordinary parallel two-stage tandem queueing system is discussed. 
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1. INTRODUCTION 
In most queueing systems, it has been assumed that the service times of all servers are mutually 
independent. However, this assumption is not realistic because of the competition or cooperation 
among servers. 
Mitchell eta/. [1] simulated a correlated two-stage tandem queueing model in which their service 
distribution is a special case of the bivariate gamma distribution of Paulson [2] and discussed 
the performance of the system both for the positively and negatively correlated cases. Their 
simulation indicates that the mean waiting time at the second stage with infinite intermediate 
buffer spaces is smaller than the case of mutually independent service times. For this model, 
Wolff [3] briefly showed the same result for the positively correlated case by means of usual 
stochastic ordering since two service time random variables have positively quadrant dependent 
property. 
Nishida and Hiramatsu [4] considered a correlated two-stage tandem queueing system in which 
the order of performing service can be changed and their service distribution is the bivariate 
exponential distribution (abbreviated as BVE) of Marshall and Olkin [5], and obtained the mean 
queue length and showed that it decreases when the correlation parameter increases as some 
numerical results. Yoneyama [6] considered a correlated two-stage tandem queueing system in 
which services are performed in the usual order and their service distribution is the BVE, and 
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obtained the mean number of customers in the system and showed analytically that it decreases 
according to the increasing of the correlation parameter. 
So far as we know, Nishida et al. [7] first discussed the application of the BVE in the queue- 
ing theory. They considered a two-server queueing model in which their service distribution is
the BVE and obtained the steady state probabilities. As an extension of their model, Nishida 
and Yoneyama [8] considered a multiserver queueing model in which their service distribution is
the multivariate exponential distribution (abbreviated as MVE) of Marshall and Olkin [5] and 
showed how to get the steady state probabilities. For this model, Yoneyama [9] obtained both 
the queueing and waiting time distribution and showed that the so-called Little's law holds for 
their mean. 
Yoneyama nd Ishii [10] investigated the mean number of customers in the system of two-server 
parallel or two-stage tandem queue in which their service distribution is the BVE, and showed 
that it is larger in the parallel case but smaller in the tandem case than under the assumption 
of mutually independent service times when the system can finish 2# customers' ervice per unit 
time on the average. 
Assaf  et al. [11] showed that the BVE is a bivariate phase type (abbreviated as BPH) dis- 
tribution and its multivariate xtension is a multivariate phase type (abbreviated as MPH). 
Raftery [12] introduced a continuous multivariate exponential distribution and O'Cinneide and 
Raftery [13] showed that it is MPH and derived its MPH representation. 
On the other hand, Nishida [14] considered an interchangeable parallel two-stage tandem queue- 
ing system without waiting room. He called the discipline that a customer who finished the first 
stage service can enter both of the second stage channels as an interchangeable queueing system. 
He found the optimal allocation of service rates for the first and second stage channels in the 
sense of minimizing the rate of loss calls. 
In this paper, as an extension of the model introduced by Nishida [14], we consider an inter- 
changeable parallel two-stage tandem queueing system in which the service times of each two 
channels in the first and second stage are assumed to follow the BVE. For this system, we get 
the throughput of the system using a matrix-geometric approach of Neuts [15], and compare 
the throughput of the system with those of an ordinary parallel two-stage tandem queue and 
an interchangeable parallel two-stage tandem queue whose service distribution is an ordinary 
exponential distribution. 
A closely related model is that by Latouche and Neuts [16]. An approach is closely related to 
Heavey et al. [17], Papadopoulos et al. [18,19], and Papadopoulos and O'Kelly [20]. Similarly to 
the definition by the above four papers, the throughput is defined as a critical input rate on the 
assumption that the first queue is never empty. 
Before we describe the model fully, we derive the standard MPH representation f the MVE 
and get the BVE for the simplest case. 
2. STANDARD MPH REPRESENTATION OF MVE 
The random vector Y -- (111,... ,Yn) is said to have the multivariate exponential distribu- 
tion (MVE) of Marshall and Olkin [5] if there exist independent exponential random variables 
X1 . . . . .  Xk such that for i = 1 . . . . .  n, Y~ = minjeg~ X~ where J~ c {1,.. . ,  k}. 
Assaf  et al. [11] first formulated a multivariate phase type (MPH) distribution i  the following 
way. Suppose {V(t) : t > 0} is a regular Markov chain with finite state-space E. Let F1 . . . . .  Fn 
be n nonempty subsets of E such that once V enters F~, it never leaves. Suppose that n Ni-~I ri 
consists of one state A, into which absorption is certain. Let B be an initial probability vector 
on E, which puts all its mass on states in E \ (A}. 
The infinitesimal generator Q of V is of the form 
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where T is a square matr ix,  e is a column vector of ones, and 0 is a column vector of zeros. 
Define Y~ = in f{ t  : V(t) E F~} (i = 1 , . . . ,  n). Then the distr ibution of (Y1, . . . ,  Yn) is MPH.  
Assaf et al. [11] showed that  the MVE is MPH since each X~ is PH. It is of interest to give the 
standard MPH representation of the MVE, using the results of Assaf et al. [11]. 
To derive the standard MPH representation of the MVE, we specify explicitly the ingredients E,  
F1 , . . . ,  rn ,  T ,  and/~. The state-space is E -- {1 , . . . ,  m, A}, with 2 n elements q = (q l , . . - ,  qn), 
where qi E {0, 1}. We have F~ = (q ,A}  (i ---- 1 , . . . ,n ) ,  where q~ -- 0, so that  {A)  _-- Nin=l Fi. 
T has the following block part it ioned structure: 
"do B1 B2 Ba  . . .  Bk " "  BI  " .  Bn-1  
D I  C12 C la  - "  C lk  "'" C l l  " ' -  C I , - I  
D2 C23 " "  C2k "'" Cm " .  C2n-1  
D3 
: : : 
T = Dk "'" Ckl "'" Ckn-1  , (2) 
Dl --- C l . - i  
Cn -2n-1  
Dn-1  
where 
do = - #i -}" Z Pij -{- Pijk J¢- "'" J¢- P123...n 
i<j i<j<k 
and all the unmarked entries are zeros. 
The submatr ices are defined as below. The dimensionality of B is 1 x (7) (1 < l < n - 1), C is 
(~) x (7) ( l<k<n-2 ,  2<l<n- l ) ,andDis(~)x (~) (l <_ k <:_ n-  l). Ifq=(ql,...,qn) 
and r = ( r l , . . . ,  rn) are two states in E \ {A}, we denote by bqr, Cqr, and dqr the corresponding 
element of submatr ices B,  C, and D,  respectively, bqr, Cqr, and dqr will be zero unless one of 
the following holds: 
(i) r~, =r~ 2 . . . . .  r~. =0( l<u<l ) .  
Then 
bqr = Dili,...i,, (1 < I < n -- 1). 
(ii) There is a u such that  qi. = r i .  = 0 (1 < u _< k), and qj~ # rj~, rj~ = 0 (1 < v < I - k). 
Then 
k 
Cqr = ~jl ' " J , -k  "~- Z #i,,jl'"j,-~ "~- #il"'ikjl"'j,-k, (1 < k < n - 2, 2 < l < n - 1). 
u----1 
(iii) There is a u such that  q~. = r~. = 0 (1 < u < k). 
Then 
k k 
dqr = do + E #, .  + Z /~, . ,~  + . . .  + #,,...,k, (1 <k<n-1) ,  
where i ,  C {1 , . . . ,  n} and j~ C {1 , . . . ,  n}. 
To define/~, let Y = (Y1 . . . .  , Y,~) be a random vector taking values in {1 , . . . ,  m} and pj~...j. = 
P[Y1 = j l , . . .  ,Yn = in], where jh ranges corresponding to the state q, and we have 
i pq,...q,.,, if q~ ~ O, (i = 1 . . . . .  n), 
f~q = O, otherwise. 
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This completes the specification of the standard MPH representation of the MVE of Marshall 
and Olkin [5]. 
Consider the simplest, bivariate case, where n = 2 and m = 3. Then the state-space 
consists of the four elements ( I, 1), (1,0), (0, 1), and (0,0), where rt = {( 0, 1), (0,0)}, and 
r2 = {(1,0), CO, O)}, so that A = (0,0). Then T is a 3 x 3 matrix 
T = 0 - (#1 -~- ~12) • C 3) 
0 0 -- (#2 "~- ~12) J 
The initial distribution may be written in the form ~ = (1, 0, 0, 0). From the results of Assaf 
et al. [11], F(tl, t2) = P(Y1 > tl, Y2 > t2) has the following closed form: 
-F(tl,t2)=o~eTt2g2eT(tl-t2)gle, iftl~_ t2 ~_ 0, 
(4) 
: Ct e T tl gl  eT (t2-t l )  g2 e, if t 2 __~ t I ~> 0, 
where [io!] [1o!] ill] c~=(1,0,0), g l=  1 , g2= 0 0 , ande= . 
0 0 0 
They yield 
(tl, t2) ---- e-(~1+/~12) tl-p2t2, if tl ~_~ t2 ___~ 0, 
CS) = e-mt1-(~2+m2) t2, if t2 _~ tl ~ 0, 
consequently we get 
(tl, t2)  = e mnx(tl,t~), (6) 
which gives the bivariate xponential distribution (BVE) of Marshall and Olkin [5]. 
3. DESCRIPT ION OF  MODEL 
We consider a two-stage tandem queueing system with no intermediate buffers, in which each 
stage consists of two channels in parallel. Customers arrive at the queue, which is assumed to 
be infinite, according to a homogeneous Poisson process with rate A. After completion of the 
first stage service, each customer can enter both of the second stage channels. Namely, when the 
second stage channel which is located on the same line as his first stage channel is busy, he can 
enter another channel in the second stage if it is free. We call this operation interchangeable. On
the other side, after completion of the first stage service, each customer can enter only the second 
stage channel which is located on the same line as his first stage channel if it is free. We call this 
operation ordinary. If a customer has already completed service of two stages, then he departs 
the system. But if he has not completed service of the second stage and his second stage channel 
is not free, he has to stay there, that is to say, this channel is blocked, and when his second stage 
channel has completed service, he can enter that channel. In the interchangeable case, a blocking 
occurs only when both of the second stage channels are busy, whereas in the ordinary case, it 
always occurs when the second stage channel which is located on the same line as his first stage 
channel is busy. 
The service times of each of the two channels in the first and second stages are not independent 
but depend upon each other. It is assumed that their service distribution is the BVE given by C6). 
We call this model correlated. On the other side, we call a model in which their service distribution 
is a usual exponential distribution independent. 
It is assumed that customers can transfer between channels instantaneously. Service to a cus- 
tomer at any channel, once initiated, is completed without interruptions. The queueing discipline 
is first-come first-served. 
As shown in Figure 1, the model I is interchangeable and correlated. We denote the throughput 
of this system by A* t,c. Similarly, the models II, III, and IV are interchangeable and independent, 
ordinary and correlated, and ordinary and independent, respectively. We denote the throughput 
of the models II, III, and IV by A*Ij, A*o,c, and A'o,1, respectively. 
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first stage second stage 
x',.c -- > ~  I ~_~ 3 [ > 
> 
Model I. (Interchangeable, correlated). 
first stage second stage 
,~,,., - _ _>-T~ I ~ '~/  3 j > 
) 
Model IT. (Interchangeable, independent). 
f i rs t  stage second stage 
Model III. (Ordinary, correlated). 
first stage second stage 
Model IV. (Ordinary, independent). 
Figure 1. Models. 
4. ANALYS IS  OF MODEL I 
We give numbers 1, 2, 3, and 4 to channels in the first and second stage as shown in Figure 1. 
The joint service distribution of channels 1 and 2 and channels 3 and 4 are, respectively, given 
as follows: 
~11 (tl, t2) = e -m (tl+t~)-,, m~x(t~,t~), 
(t3, t4) = e -/x2 (t3-t-t4)-~ max(t,,t4) (7) 
The model I under consideration can be studied as a continuous time Markov chain with state- 
space {(0,j) : 1 < j < m0} U {(i, j)  : i > 0, 1 < j < m}. The state (0,j) denotes that the system 
is in the boundary state and m0 denotes the number of the boundary states. In the state (i,j), 
i denotes the number of customers in the queue, whereas j denotes the state of the network 
consisting of four channels and m denotes the number of states in the network. 
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The states of the network are described by the vector 
(Sl, S2, S3, S4) , 
where si ({ = 1,2,3,4) can take any value from 0 to 2 with 
0 -the i th channel is idle, 
si = 1 -the ith channel is in service, 
2 -the i th channel is blocked. 
Then the boundary states are 
(0, 0, 0, 0), (1,0, 0, 0), (0, 1, 0, 0), (0,0, 1,0), (0, 0, 0, 1), 
(0,0, 1, 1), (1,0, 1,0), (1,0, 0, 1), (0, 1, 1,0), (0, 1,0, 1), 
(1, 0,1,1), (0,1,1,1), (o, 2,1,1), (2, 0,1,1). 
The states of the network are 
(1, 1, 0,0), (1, i, 1,0), (I, 1,0, I), (I, i, I, 1), (2, 1, 1, 1), 
(1,2,1,1), (2,2,1,1). 
By ordering the states as described above, the infinitesimal generator of the continuous time 
Markov chain has the following block partitioned structure: 
"Aox Ao4 
Ao~ Ax Ao 
Ao3 A2 A1 Ao 
Q= A3 A2 AI Ao , (8) 
As A2 A1 Ao 
As A~ A1 
".° 
where all the unmarked entries are zeros. 
The dimensionality of Aox is 14 x 14, Ao2 and Ao3 are 7 x 14, Ao4 is 14 x 7, Ao, At, A2, 
and As are 7 x 7. 
Let p equal the steady state probabilities of the network, assuming that the queue is never 
empty, which has elements p(j) (1 < j < 7). We can determine p by solving the system 
pA = 0, pe  = 1, (9) 
where the conservative matrix is given by 
A = Ao + Ax + A~ + As (10) 
and e is a (7 x 1) column vector with all elements equal to 1. The equilibrium condition is given 
(see [15]) by 
pAoe < p (A2 + 2As) e. (II) 
From this relationship, the critical input rate, A*, to the system can be determined. In the steady 
state, this critical input rate is identical to the maximum throughput rate of the system. 
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The conservative matrix of the model I becomes 
--al  2#i 0 a 0 0 0 
a2 --/~2 -b l  0 21Zl 0 a 0 
a2 - ~t2 0 -b l  2/Zl 0 ix 0 
A = ix ~2 ~2 -bl - ~2 ~1 ~1 o~ , (12) 
0 Ol 0 2#2 --52 0 a I --/x 1 
0 ix 0 2~t2 0 - -52  a l  - -  #I 
0 0 0 a #~ #2 -a2  
where 
al -- 2~tl -4- ix, 
a2 = 2/~2 "4- 0~, 
bl -- 2/~1 "4- ~2 -t- 2ix, 
b2 -- ]~1 -b 292 + 2ix. 
When #1 = #2 = ~u and 0 = a /#,  the equilibrium condition (11) in this case is given by 
A < # (2 + 0) [1 - p(4)] + # 0 ~(1) + p(7)]. (13) 
By solving the system (9) and substituting p(j) into (13), if/~ = 1, we obtain 
4(1 + 9)2(6 + 9) 
A< 16+219+392 = A;'c" (14) 
When 9 = 0, that is, the service times of each of the two channels in the first and second stage 
are independent, the max imum throughput rate (14) yields 
3 
A},, = ~, (15) 
which gives the max imum throughput rate of the model II. 
5. ANALYS IS  OF  MODEL III 
As additional boundary states, the states (2,0, 1,0) and (0,2,0,1) are combined with the 
boundary states of the model I. Similarly, the states (2,1,1, 0) and (1, 2, 0,1) are combined with 
the states of the network of the model I. The infinitesimal generator of the continuous time Markov 
chain has the same block partitioned structure as that of the model I. The dimensionality of A01 
is 16 x 16, Ao2 and Aoa are 9 x 16, Ao4 is 16 x 9, Ao, At, A2, and As are 9 x 9. 
Let p equal the steady state probabilities ofthe network, assuming that the queue is never 
empty, which has elements p(j) (I <_ j _< 9). The relationships (9), (I0), and (II) also hold for 
the model I l. 
The conservative matrix of the model I l becomes 
--al ~1 ~1 ix 0 0 0 0 0 
as -- ]~2 -b l  0 /~I ~1 0 ix 0 0 
a2 --/~2 0 -b l  #1 0 /~1 0 ix 0 
ix Iz2 ~2 -b l  - ~t2 0 0 g l  ]Zl ix 
A---- 0 a2 - ~2 0 0 -b12 0 a l  - -  ~1 0 0 , (16) 
0 0 a2 --/~2 0 0 -b12 0 al  - -  ]~1 0 
0 ix 0 /~2 ~2 0 -b2 0 al - /~1 
0 0 ix /~2 0 /~2 0 -b2  al  - -  ~I 
0 0 0 ix 0 0 #2 ]Z2 --a2 
where b12 = #I +/~2 + 2ix. 
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When #I = it2 = # and 0 = c~/tt, the equilibrium condition (11) in this case is given by 
A < # (1 + 8) [1 + p(1) + p(5) + p(6) + p(9) - p(4)]. (17) 
By solving the system (9) and substituting p( j )  into (17), if # = 1, we obtain 
4(1 + 0) 
A < ~ -- A~),c. (18) 
When 0 = 0, that is, the service times of each of the two channels in the first and second stage 
are independent, he maximum throughput rate (18) yields 
4 
A~),/= 3'  (19) 
which gives the maximum throughput rate of the model IV. 
6. COMPARISON OF  THROUGHPUT 
I f  
0 = 00 = 0.125, (20) 
then 
~;,I * = AO, c. 
Consequently, since both A;, c and A~),v are increasing functions with respect o 0 > 0, we obtain 
the following result. 
THEOREM i. IfO < 0 <_ 00, then 
<  5,c < < (21) 
And i f0  > 00, then 
A* A* A* A* (22) 0,I < I,I < O,C < l,C" 
The following explanation is derived from the above theorem. When the correlation param- 
eter is small, an interchangeable parallel two-stage tandem queueing model with independent 
service times improves the throughput of the system better than an ordinary parallel two-stage 
tandem queueing model with correlated service times, by utilizing an empty channel. When 
the correlation parameter is large, an ordinary parallel two-stage tandem queueing model with 
correlated service times improves it better than an interchangeable parallel two-stage tandem 
queueing model with independent service times, by the frequent occurrence of the event that two 
channels finish service at the same time. 
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